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Abstract
Black hole perturbation theory is a useful approach to study interactions between black holes and
fundamental fields. A particular class of black hole solutions arising out of modification of Einstein’s
general theory of relativity are regular black holes (RBHs) which can be constructed by using a
nonlinear electrodynamic Lagrangian. It is expected that this idea may correct the pathological
singular behavior of classical black hole solutions. Because of their importance we are interested in
studying the behavior of three kinds of such RBHs under perturbations generated by an external
field. In fact, we investigate the quasinormal modes (QNMs) of a massive scalar field propagating
near the RBH which is non-minimally coupled to the Ricciscalar tensor of background geometry.
We numerically find the low-lying QNM frequencies for the perturbations by using the third-order
WKB approximation. We also analyze the relationships between the QNM frequencies and the
physical parameters of the RBHs and of the test scalar field. In the case of black holes, these QNM
frequencies are complex numbers which their imaginary parts determine the stability of black holes
against the scalar perturbations.
1d.mahdavian@hsu.ac.ir
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1 Introduction
Recently a large amount of research in physics are dedicated to the evolution of the Universe and particu-
larly on the black holes and strange phenomena enclosed to it. The current observations at LIGO, as well
as the promised ones jointly with VIRGO collaboration [1, 2], and at event horizon telescope (EHT) [3]
have provided us with the strongest evidences that the black holes do exist in the Nature. The behavior
of the matter and fields surrounding a black hole not only tells us about its presence but also helps us
to determine its parameters. When a black hole undergoes perturbations, the resulting behavior can be
described in three stages. The first stage corresponds to radiation due to the initial conditions of the
perturbations. The second stage corresponds to damped oscillations with complex frequencies, and the
third one in general corresponds to a power law decay of the fields. Certainly, knowledge of how a black
hole rings after being perturbed can shed light on some fundamental aspects of quantum gravity. The
modes of such oscillations are called quasinormal modes (QNMs), which satisfy the boundary conditions,
appropriate for purely ingoing waves at the horizon and purely outgoing waves at asymptotic infinity.
The frequencies of QNMs are independent of initial perturbations and describe the response of the
black hole to external perturbations. Not only they are important in the analysis of black hole stability,
but also they play an outmost role in characterising gravitational wave signals, as the ones recently
detected in [1, 2]. The study of QNMs of black holes is an old and well established subject in physics.
The black hole perturbations were studied for the first time by Regee and Wheeler [4] in 1957 for the
Schwarzschild black hole and thereafter by Zerilli [5] and Teukolsky [6]. Since the study of black hole
perturbations and methods of computing their QNMs, and their applications are important fields of
research in gravitational physics, there is a huge number of references on this subject. So we only refer
to a few comprehensive reviews [7–9].
Though the Einstein theory of gravity, being consistent with recent observations of gravitational waves
[1, 2], it leaves a number of fundamental questions open. These are construction of a non-contradicting
quantum gravity, the nature of singularities, dark energy and dark matter problems, and etc. In addition,
even the observations of gravitational waves leave the window for alternative theories of gravity open.
An unsolved problem concerning the black holes is the presence of a spacetime singularity in their core
or inside the horizon. Such a problem was present starting by the first historical papers concerning black
holes [10, 11] and was generalized in the famous paper by Penrose [12]. In turn, knowledge of quantum
gravity should provide us with a better understanding of black holes and eventually suggest a possible
resolution of the singularity problem. In fact, the presence of singularities certainly signals a limitation
of our understanding, if not a breakdown, of general relativity. This pathological behavior is usually
believed to disappear in a full theory of quantum gravity that would provide a consistent framework to
test the well known semiclassical arguments predicting the evaporation of black holes.
As a result, we come to consider the black holes without singularities, which we name regular black
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holes (RBHs) or singularity free black holes. The first kind of RBH space-time in general relativity was
proposed by Bardeen in 1968 [13] and shortly after has been revived by [14, 15]. Though the Bardeen
model satisfied the weak energy condition but its solution lacked, for several years, a satisfactory physical
interpretation. The reason was that it was not a vacuum solution of Einstein’s equations, so it was
necessary to introduce some external form of matter or a modification to gravity. Ayon-Beato and
Garcia (ABG) proposed a new nonlinear electrodynamics which, when coupled to gravity, produces an
exact RBH solution that also satisfies the weak energy condition [16–18]. Subsequently, further analyses
of singularity avoidance have been proposed in the literatures [19–22]. There are also other kinds of
RBHs in non-commutative geometry proposed by Nicolini et al. in [23–25]. Therefore, recently there has
been a revival of interest to alternative theories including RBHs. Studying more realistic configurations,
which include coupling terms are very important in the resolution of the problem of quasiresonances
in perturbation theory. This fact motivates us to study such a coupling of the scalar field with the
Ricciscalar tensor of the RBH space-time geometry. There is a lot of interest in this kind of coupling
in many research fields in physics, such as modified scalar-tensor theories of gravity, conformal gravity,
cosmological models for dark matter, and etc.
There are various numerical and analytical methods to compute the QNMs of a particular black hole
perturbations as [26]- [32]. However in this paper we use the WKB method to obtain the QNMs of
perturbations of a non-minimally coupled scalar field to Ricciscalar around regular Bardeen, Hayward,
and ABG black holes. The WKB method was initially used in Refs. [33–35] to obtain the QNMs of
perturbations of Schwarzschild metric. Further calculations for the Kerr and Reissner-Nordstrom black
holes can be found in Refs. [36–39]. Flachi and Lemos have used WKB approach to study QNMs of neutral
and charged minimal scalar field perturbations for all of the above RBHs and found the relationships
between the frequencies of QNMs and parameters [40]. There are also some computations in Refs. [41–45].
The motivation for using the WKB approximation is the similarity between the equations of perturbation
theory and the one-dimensional Schro¨dinger equation for a potential barrier. Although based on an
approximation, the method can be carried to higher orders, either as a means to improve the accuracy
of QNMs.
The structure of this paper is organized as follows: In Sec. 2, we provide a description about the
regular black holes as solutions to the equations of motion extracted of the Lagrangian for a non-linear
theory of electrodynamics. In Sec. 3, we briefly introduce the non-minimal coupling theory of a massive
scalar field to the Ricciscalar tensor of background geometry. We discuss about the effective potential in
the Schro¨dinger like equation of scalar field dynamics for RBHs. In Sec. 4, we use the WKB approximation
to derive the exact spectrum of QNM frequencies of perturbations of this scalar field in the vicinity of
RBHs. We will also provide a comprehensive discussion about the effects of physical parameters in the
model on these frequencies. Finally, the Sec. 5 is devoted to giving a brief summary of the paper and
concluding the results.
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2 Regular black holes in non-linear electrodynamics
The Bardeen model [13], as the first RBH model in general relativity, is reinterpreted as the gravitational
field of a non-linear magnetic monopole, i.e., as a magnetic solution to Einstein’s field equations coupled
to a non-linear electrodynamics [16–18]. The model is described by the action
S =
∫
d4x
√−g
(
1
16piG
R− 1
4pi
L(F )
)
, (2.1)
where R is the scalar curvature and the Lagrangian of non-linear electrodynamics, L(F ) as a function of
F = 14FµνF
µν , is given by
L(F ) = 3
2αq2
( √
2q2F
1 +
√
2q2F
)5/2
. (2.2)
Here, we assume the gravitational constant G = 1 and Fµν = 2∇[µAν] is the field strength tensor of
non-linear electrodynamics that the parameter α is related to the magnetic charge and the mass of the
black hole as α ≡ |q|2M . Though the Bardeen black hole as proposed initially, was not an exact solution
to Einstein equations, that is, the quantity q was left as a regularizing parameter of the theory without
any physical interpretation being associated with it, but later ABG had provided this RBH model with a
physical interpretation [16]. The regularizing parameter q can be physically interpreted as the monopole
charge of a self-gravitating magnetic field of non-linear electrodynamics.
The field equations of motion derived from the action (2.1) is given by
Gµ
ν = 2(LF FµρF νρ − δµνLF ), (2.3)
∇µ(LF F ρµ) = 0, (2.4)
where the left hand side of (2.3) is the Einstein’s tensor and LF is the Lagrangian (2.2). The line element
of the static spherically symmetric RBHs as solution for the above set of equations can be described in
the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdϕ2) , (2.5)
where the function f(r) is denoted by
f(r) = 1− 2m(r)
r
. (2.6)
In this paper we are going to study three families of RBH solutions;
• Bardeen RBH [13],
m(r) =
Mr3
(r2 + q2)3/2
, (2.7)
• Hayward RBH [21],
m(r) =
Mr3
(r3 + q3)
, (2.8)
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• ABG RBH [16],
m(r) =
Mr3
(r2 + q2)3/2
− q
2r3
2(r2 + q2)2
. (2.9)
In the asymptotic limit r →∞, the solutions (2.7) and (2.8) behave as an asymptotic flat Schwarzschild
black hole with mass M , while the third one (2.9) behaves as a Reissner-Nordstro¨m (RN) black hole with
mass M and charge q. On the other side, in the limit r → 0 each solution behaves as a de Sitter
spacetime [43]. The magnetic component of the field strength tensor as a solution of (2.4) is
Fθϕ = q sin θ , (2.10)
where q is the magnetic monopole charge of the configuration, i.e.,
1
4pi
∫
S∞2
F =
q
4pi
∫ pi
0
∫ 2pi
0
sin θ dθdϕ = q. (2.11)
The regularity of these solutions can be realized by calculating the curvature invariants, which for
example we carried out them for Hayward black hole in the following expressions
RµνρλR
µνρλ =
48M2(2q12 − 2r3q9 + 18r6q6 − 4r9q3 + r12)
(r3 + q3)6
r→0−−−→ 96M
2
q6
,
RµνR
µν =
72M2q6(2q6 − 2r3q3 + 5r6)
(r3 + q3)6
r→0−−−→ 144M
2
q6
, (2.12)
R =
12Mq3(2q3 − r3)
(r3 + q3)3
r→0−−−→ 24M
q3
.
All of them are regular everywhere and one can check this is true for other solutions too. The location of
horizons of the static spherically symmetric black holes are determined by solving the equation f(r) = 0.
Depending on the value of q, they may have no horizon at all, one degenerate horizon, or two distinct
horizons. In order to clarify this concept we have depicted the metric function f(r) in Figs. (1) for the
corresponding three RBHs. In the case of degenerate horizon we call it the extremal solution, however
this state is very different from general definition in RN black holes where q = M . The extremal values of
the charge for Bardeen, Hayward, and ABG RBHs are respectively given by qB ∼ 0.7698, qH ∼ 1.0582,
and qA ∼ 0.6342.
q=0.6
q=0.7698
q=1.0
0 1 2 3 4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
r
fHr
L
(a) Bardeen
q=0.8
q=1.05825
q=1.4
0 1 2 3 4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
r
fHr
L
(b) Hayward
q=0.5
q=0.6342
q=0.8
0 1 2 3 4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
r
fHr
L
(c) ABG
Figure 1: Radial behavior of the lapse function f(r) for different values of q when M = 1.
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3 Propagation of a massive scalar field near RBHs
In order to gain insight into the quantum nature of RBHs, the kinematical properties provide relevant
clues about their semiclassical aspects. From the theoretical point of view, there are two different ways to
initiate the perturbation of a black hole; one is by adding external test fields to the black hole geometry
and the other is by perturbing the black hole metric itself. The simplest of the ways to study black hole
perturbations due to external fields is to study the scalar wave equation in the vicinity of a black hole
geometry. As mentioned in the Introduction, in this spirit, we consider the perturbations of a massive
scalar field near the RBHs, which it is non-minimally coupled to the Ricciscalar tensor of the background
geometry. But due to the linear approximation, we ignore the back-reaction of the scalar field on the
background geometry and the equation of motion of the corresponding field has a general covariant form
in the RBH background.
Let the action governing the dynamics of this scalar field is given by
S = −1
2
∫
d4x
√−g ((∇φ)2 + µ2φ2 + ξRφ2) , (3.1)
where ξ is a dimensionless coupling constant and µ is the scalar mass. Also gµν and R are respectively
the metric and Ricciscalar of the RBHs geometries described by (2.5). Varying the action (3.1) with
respect to φ gives a modified Klein-Gordon equation for the scalar field as
[− µ2 − ξR]φ(t, r, θ, ϕ) = 0. (3.2)
In the case of µ = 0 and ξ = 16 we have conformal coupling for which the scalar field theory becomes
conformally invariant [46]. This theory is able to tackle the problems of Dark Matter, Dark Energy and
quantum gravity [47,48]. We remember that we treat the scalar field as a weak external field that probes
the black hole. We introduce the scalar field by the following standard ansatz with factorization
φ(t, r, θ, ϕ) = R(r)Ylm(θ, ϕ) e
−iωt , (3.3)
where Ylm(θ, ϕ) denotes the scalar spherical harmonics satisfying (θ,ϕ)Ylm = −l(l + 1)Ylm and ω’s are
the QNM frequencies of scalar perturbations. As mentioned these frequencies are complex and can be
generally expressed in the form ω = ωR + iωI , so the factor e
−iωt as the time-dependence of scalar field
becomes e−iωRt eωIt. Therefore, the real part determines the frequency of the oscillations, ωR2pi , while
the imaginary part represents the damping time of the mode t−1D = |ωI |. In fact, the mode is unstable
(exponentially growth) when ωI > 0 and stable (exponentially decay) when ωI < 0. On the other words,
the black hole is stable under dynamical perturbation since the scalar field vanishes as time passes.
If we redefine the radial function as R(r) = ψ(r)r , then the radial part of the master equation (3.2)
changes to the following equation
− f(r) d
dr
[
f(r)
d
dr
ψ(r)
]
+ V (r)ψ(r) = ω2ψ(r) , (3.4)
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where V (r) is a function of r and other parameters in the model. By introducing a standard tortoise
coordinate
dr∗ =
dr
f(r)
, (3.5)
we obtain a Shro¨dinger-like wave equation (Regge-Wheeler wave-like equation [4]) for the perturbation
of RBHs by a scalar field as follows
d2ψ
dr∗2
+ (ω2 − V (r))ψ = 0. (3.6)
Now, the function V (r) is an effective potential given by
V (r) = −f(r)
r2
[
r2ξf ′′(r) + (4ξ − 1)rf ′(r)− µ2r2 + 2ξf(r)− 2ξ − l(l + 1)] , (3.7)
with the “prime” standing for the derivative with respect to r and f(r) is given in (2.6) for different
RBH backgrounds (2.7)-(2.9). In general, the radial solutions of equation (3.6) are determined by some
particular boundary conditions at r∗ = ±∞ which are correspond with the physical observers at infinity
and near the event horizon, respectively [7]. For asymptotically flat spacetimes, as the backgrounds we
consider here, these conditions lead to
ψ ∼ e−iω(t+r∗) (3.8)
at the event horizon r∗ → −∞(r → rh), and
ψ ∼ e−iω(t−r∗) (3.9)
near the asymptotic infinity r∗ → +∞(r →∞). The first solution that means the wave is purely ingoing
at the horizon expresses the fact that nothing escapes from the horizon, on the other hand the second
purely outgoing wave corresponds to the requirement that no radiation comes from infinity. Of course in
another prescript the observers can also detect an incoming radiation at infinity which is important in
determining the resonant QNMs of the black hole, a mode whose response to an external perturbation is a
maximum [34,49]. It has been proved in [30,50] that the imaginary part of the frequency ω is negative, for
the waves satisfying these boundary conditions which provided that the effective potential V is positive,
that is, if V is positive definite then we should have necessarily ωI < 0. So, for a neutral scalar field, the
black hole is stable under scalar field perturbation, if the potential is positive outside the horizon. Note
also that the effective potential (3.7) for RBHs vanishes at the event horizon where the curves coincide
with each other, and goes to zero at infinity except for massive scalar fields. It can be easily seen by
plotting the effective potential as a function of r for fixed values of parameters that we have done it in
Figs. (2)-(4). As is obvious from the figures the potential curves have a local barrier exterior the event
horizon and this is sufficient to use WKB approach to determine the QNM frequencies.
In Fig. (2) we have considered the behavior of potential in terms of different values of the coupling
constant ξ. It can be deduced from the plots that for large couplings (blue curves) we have superradiant
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instability [51–53], which we refer it later in the spectrum of QNMs and the zero coupling limit ξ = 0,
denoted by dotted curve, is nearly coincident with the conformal gravity ξ = 16 . In brief, the larger the
value of the coupling constant is, the smaller the value of the potential peak will be, until one goes to
instability phase with negative potential. In contrast to the behavior of the coupling constant, the hight
of the effective potential peak increases by raising the harmonic number l as shown in Figs. (3).
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Figure 2: Effective potential for different coupling constants ξ when M = 1.3, µ = 0.1, q = 0.1, and l = 1.
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Figure 3: Effective potential for different multipole numbers l when M = 1.3, µ = 0.1, q = 0.1, and ξ = 1/6.
Since the RBHs are asymptotically flat it is found that in the asymptotic limit the effective potential
exhibits the following behavior V (r → ∞) ∼ µ2. It is observed in Figs. (4) that for small masses, V (r)
still has the form of a barrier potential, but with increasing µ, the peak of the potential increases slowly
enough that eventually the height of the peak is lower than the asymptotic value of µ2. Further increases
of the mass turns the potential barrier into a potential step.
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Figure 4: Effective potential for different scalar masses µ when M = 1.3, l = 1, q = 0.1, and ξ = 1.
4 QNMs of RBHs from WKB approximation
The WKB approximation is a promising technique for determining the QNM frequencies semi-analytically.
Since the method can be carried to higher orders, it will be powerful as a means to improve the accuracy
or as a means to estimate the errors explicitly. The main motivation for using this method is the similarity
between the equation of particle perturbation theory and the one-dimensional Schro¨dinger equation for
a potential barrier, as the equation (3.6) we obtained in the previous section. The details of this method
and matching the boundary conditions to obtain an exact expression for QNMs are completely explained
in Refs. [33, 34], so we only bring the final expression for the QNMs here.
We applied here the third-order WKB approximation method, so the matching conditions finally
reduce the problem of finding the QNM frequencies ω(n) of the RBHs solutions to a very simple relation
ω2 =
[
V◦ + (−2V ′′◦ )1/2Λ(n)
]
− i(n+ 1
2
)(−2V ′′◦ )1/2 [1 + Ω(n)] , (4.1)
where n = 0, 1, 2, . . . is the overtone number and
Λ(n) =
1
(−2V ′′◦ )1/2
[
1
8
(
V
(4)
◦
V ′′◦
)
(
1
4
+ α2)− 1
288
(
V ′′′◦
V ′′◦
)2
(7 + 60α2)
]
, (4.2a)
Ω(n) =
1
(−2V ′′◦ )
[ 5
6912
(
V ′′′◦
V ′′◦
)4
(77 + 188α2)− 1
384
(
(V ′′′◦ )
2V
(4)
◦
(V ′′◦ )3
)
(51 + 100α2)
+
1
2304
(
V
(4)
◦
(V ′′◦ )
)2
(67 + 68α2) +
1
288
(
(V ′′′◦ )V
(5)
◦
(V ′′◦ )2
)
(19 + 28α2)− 1
288
(
V
(6)
◦
(V ′′◦ )
)
(5 + 4α2)
]
. (4.2b)
Here α = n + 12 , the primes and the superscript (n) denote differentiation with respect to r
∗ of the
effective potential V given in Eq. (3.7), and the subscript “ ◦ ” denotes the value of V at the point r◦
which corresponds to the peak of the potential. The relation (4.1) is a nontrivial function of physical
parameters. We have computed these QNM frequencies for different values of parameters. For example
some of the results for low lying modes are presented for the Bardeen, Hayward, and ABG RBHs in Tabs.
(1)-(3). Without lose of generality we carry out the calculations only for M = 1.3 as the RBHs masses,
however one can repeat the computations for different masses.
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In Tab. (1) we have illustrated the spectrum for the first quantum harmonic numbers l = 0, 1, 2. As
seen, all the imaginary parts of QNMs for the three RBHs in the low harmonic numbers are negative
that indicates the black holes are stable relative to the scalar perturbations, but as depicted in Figs. (5)
by increasing the overtone number the Bardeen and Hayward solutions becomes unstable while ABG
remains stable. This result is consistent with the assertion that we should only consider the scalar field
functions with l > n [55]. In general by increasing l the black holes become more stable which this
behavior can be inferred from Figs. (3), where we have potential barriers for different l in small coupling
constant regime just near the event horizon.
Table 1: QNM frequencies for M = 1.3, µ = 0.1, q = 0.1, ξ = 1.
l n Bardeen Hayward ABG
0 0.082278− i 0.079054 0.080400− i 0.078300 0.131832− i 0.143424
0 1 0.090501− i 0.288789 0.088933− i 0.288220 0.237096− i 0.431006
2 0.132791− i 0.494267 0.132118− i 0.493565 0.428025− i 0.751984
0 0.229900− i 0.071767 0.229740− i 0.071818 0.248782− i 0.127536
1 1 0.202041− i 0.232330 0.201791− i 0.232541 0.284061− i 0.365806
2 0.171908− i 0.405500 0.171551− i 0.405883 0.335601− i 0.602704
3 0.137407− i 0.579947 0.136893− i 0.580504 0.407667− i 0.844434
0 0.376138− i 0.073003 0.376311− i 0.072741 0.388471− i 0.127352
1 0.358770− i 0.224343 0.358968− i 0.223504 0.419019− i 0.364504
2 2 0.332592− i 0.384396 0.332740− i 0.382938 0.455455− i 0.590492
3 0.301851− i 0.549137 0.301888− i 0.547090 0.498507− i 0.815894
4 0.266071− i 0.715744 0.265969− i 0.713141 0.508582− i 1.043326
5 0.224232− i 0.883514 0.223972− i 0.880380 0.613740− i 1.273440
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Figure 5: The imaginary parts of QNMs in weak coupling regime ξ = 1 for fixed M = 1.3, µ = 0.1, and q = 0.1.
On the other side, for the real parts of QNM frequencies we have again some minor different behaviors.
The Bardeen and Hayward frequencies have a decreasing trend in a number of first modes then growing
up while in the case of ABG the real parts increase monotonically. In contrast to the imaginary parts,
the larger l lead to smaller real values in large overtone numbers. In Figs. (6) a tower of real parts of
QNMs with different quantum harmonic numbers are presented for the corresponding RBHs.
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Figure 6: The real parts of QNMs in weak coupling regime ξ = 1 for fixed M = 1.3, µ = 0.1, and q = 0.1.
Since in this paper we study a non-minimal coupling of scalar-tensor theory wherein the external
probing scalar field is non-minimally coupled to the Ricciscalar of background geometry of RBHs, it is
of interest to investigate the QNM frequencies in different coupling regimes. In the case of solutions
(2.7)-(2.9), the results for the first low-lying overtone numbers are shown in Tab. (2) for some typical
values of parameters in different range of coupling constant, separately. In the weak coupling limit, i.e.
small ξ, the first low overtones are mostly stable while by increasing the magnitude of coupling constant
the numer of stable modes will diminish. We have also investigated that the QNMs in the case of ξ = 0
and µ = 0 give exactly the values obtained in Refs. [40,42] for RBHs. This behavior can be realized also
from Fig. (4) that in the large coupling regime, represented by the blue curve, we have a potential well
just outside the event horizon indicating the instability of RBHs in this limit. Comparing the imaginary
parts shows that the Hayward is more stable than the other two RBHs in the initial overtone numbers.
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Table 2: QNM frequencies for M = 1.3, µ = 0.1, q = 0.1, l = 1.
ξ n Bardeen Hayward ABG
0 0.229900− i 0.071767 0.229740− i 0.071818 0.248782− i 0.127536
1 0.202041− i 0.232330 0.201791− i 0.232541 0.284061− i 0.365806
2 0.171908− i 0.405500 0.171551− i 0.405883 0.335601− i 0.602704
1 3 0.137407− i 0.579947 0.136893− i 0.580504 0.407667− i 0.844434
4 0.095062− i 0.754941 0.094340− i 0.755683 0.501086− i 1.092230
5 0.043841− i 0.931194 0.042861− i 0.932140 0.615367− i 1.346962
6 0.016450 + i 1.109338 0.017734 + i 1.110509 0.749624− i 1.609370
0 0.154528− i 0.075774 0.229336− i 0.071805 0.162186− i 0.100330
1 0.099154− i 0.277760 0.201142− i 0.232622 0.112244− i 0.333698
2 0.042076− i 0.489901 0.170575− i 0.406127 0.042710− i 0.574950
100 3 0.034436 + i 0.70412 0.135469− i 0.580929 0.054884 + i 0.822640
4 0.132255 + i 0.924078 0.092332− i 0.756326 0.180007 + i 1.079862
5 0.250461 + i 1.151713 0.040143− i 0.933052 0.330678 + i 1.348339
6 0.387698 + i 1.388079 0.021280 + i 1.111752 0.504817 + i 1.628949
0 0.098230− i 0.037258 0.225730− i 0.071811 0.097727− i 0.042916
1 0.071400 + i 0.227348 0.195276− i 0.233766 0.072803 + i 0.242502
2 0.251369 + i 0.468483 0.161720− i 0.409010 0.263015 + i 0.495092
1000 3 0.479024 + i 0.741825 0.122476− i 0.585720 0.503248 + i 0.782844
4 0.747374 + i 1.048241 0.073961− i 0.763402 0.786247 + i 1.105728
5 1.051206 + i 1.385470 0.015228− i 0.942920 1.106584 + i 1.461184
6 1.386845 + i 1.751266 0.053808 + i 1.125001 1.460415 + i 1.846791
In order to understand the effect of coupling constant in higher modes we have respectively plotted
the imaginary and real parts in Figs. (7) and (8) for some values of parameters. As is obvious from
Fig. (7), it happens different behavior for each RBH. For example, in imaginary parts of Bardeen RBH
we have stable modes in small coupling and by growing it the stability becomes weaker, in hayward RBH
the behaviors are nearly the same in all regimes, but in the case of ABG we see a particularly different
manner. That is, the solution is stable for ξ = 1 for all n while it becomes gradually instable by increasing
ξ. However, the behaviors of RBHs are relatively the same in the real parts as depicted in Fig. (8).
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Figure 7: The imaginary parts of QNMs for fixed M = 1.3, µ = 0.1, l = 1, q = 0.5.
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Figure 8: The real parts of QNMs for fixed M = 1.3, µ = 0.1, l = 1, q = 0.5.
Since the QNMs can provide valuable help for identifying black hole parameters, we have also studied
the relationship between the charge of RBHs q and the mass of scalar field µ, separately in Figs. (9). In
fact we only consider the imaginary parts which are important in determining the stability of black holes.
As is observed from the left and middle panels in the first row, the Bardeen and Hayward black holes are
stable only for a few numbers of modes and then the scalar exponentially grows and interrupt the black
hole stability even by increasing the charge of the geometry, while in the case of ABG in the right panel
the black holes remains stable even at large overtones. The second row of Figs. (9) are for different values
of the scalar mass. For Bardeen and Hayward RBHs in lower masses only the first modes are stable and
by increasing the mass they become stable even for higher modes, but in the case of ABG solution for
all masses, the magnitude of the imaginary part will increase monotonically in higher overtones and the
black hole is more stable for more mass.
In Tab. (3) we list the fundamental QNMs (n = 0) of the three RBHs for different values of physical
parameters with fixed M = 1.3 and l = 1. We observe that the higher the value of the charge in the
geometry is, the smaller the value of imaginary part will be, the same being true for the scalar mass.
This happens in opposite direction in the case of real parts for the charge and the mass. In spite of these
parameters, there is no special ordering for the variation of the coupling constant.
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Figure 9: The imaginary parts of QNMs for different RBH charge q and scalar mass µ. The left panels are
Bardeen, the middle panels are Hayward and the right panels are ABG.
Table 3: Fundamental QNM frequencies (n = 0) for M = 1.3, l = 1.
Bardeen Hayward ABG
0.1 0.229900− i 0.071603 0.1 0.229740− i 0.071818 0.1 0.248782− i 0.127537
q 0.2 0.230387− i 0.071767 0.6 0.229630− i 0.071178 0.5 0.251961− i 0.124110
0.6 0.236303− i 0.069360 1.0 0.229198− i 0.068635 0.6 0.265210− i 0.127230
1.0 0.253717− i 0.056277 1.37 0.227330− i 0.061844 0.8 0.288810− i 0.118528
0.0 0.224100− i 0.075321 0.0 0.223852− i 0.074985 0.0 0.257174− i 0.133331
µ 0.1 0.229899− i 0.071767 0.1 0.229676− i 0.071451 0.1 0.248782− i 0.127537
0.2 0.247514− i 0.060510 0.2 0.247356− i 0.060250 0.2 0.266520− i 0.109033
0.6 0.276265− i 0.040377 0.3 0.276192− i 0.040207 0.3 0.281428− i 0.073204
5 0.227356− i 0.069614 1 0.229676− i 0.071451 1 0.248782− i 0.127537
ξ 20 0.204437− i 0.071018 5 0.229723− i 0.071817 5 0.251961− i 0.124110
102 0.154528− i 0.075774 102 0.229336− i 0.071804 102 0.162186− i 0.100330
103 0.098230− i 0.037258 103 0.225729− i 0.071811 103 0.097727− i 0.042916
In order to obtain a relative intuition for the differences between the RBHs, we have plotted the
imaginary part of QNMs of their perturbations for the same fixed values M = 1.3, ξ = 1, and l = 1 in
Figs. (10). As seen, the ABG black hole holds on the stability with respect to increase in µ and q while
the other RBHs remain stable only by increasing the mass. We have also done such a comparison in the
complex plane of the QNMs for M = 1.3, µ = 0.1, q = 0.1, ξ = 100, l = 1 as shown in Fig. (11).
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(a) µ = 0.1, q = 0.1.
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(b) µ = 0.1, q = 0.6.
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(c) µ = 0.2, q = 0.1.
Figure 10: Comparison of RBHs for some values of parameters.
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Figure 11: Comparison of RBHs in complex plane for M = 1.3, µ = 0.1, q = 0.1, ξ = 100, l = 1.
We consider the influence of physical parameters on the QNM frequencies from another point of
view in Figs. (12)-(14). In fact the graphs are given in the complex plane of QNMs for different values
of parameters. In Figs. (12), the frequencies have been marked for the three first harmonic numbers.
Breifly, as one can deduce from the graphs the behaviors of RBHs are similar in the lowest value l = 0
while by increasing this value, the ABG solution represents a different behavior than the other two RBHs.
For l = 0 the magnitudes of both imaginary and real parts increase when we raise the overtone number
in order, even in the case of ABG the rate of the changes are different for the other values of l shown in
Fig. (12c). In the case of Bardeen and Hayward RBHs shown in Figs. (12a,12b), when l 6= 0 by increasing
n the real part gets smaller while the imaginary part gets larger in the stability zone, i.e. ωI < 0, while
both increase the same in the unstable region, i.e. ωI > 0.
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Figure 12: QNMs of RBHs in complex plane for different l with M = 1.3, µ = 0.1, ξ = 1, q = 0.1.
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The effects of the charge of RBHs and the coupling constant have been explored in Fig. (13) and (14)
in complex plane, respectively. Again the manner of Bardeen and Hayward are nearly the same, but the
ABG solution behaves quite differently. As is obvious from the figures, the higher the value of the charge
q in the geometry is, the smaller the magnitude of imaginary part will be, the same being true for the
coupling constant ξ. We can also infer from Fig. (13c) that the ABG RBH is stable for all computed
modes for different charges while it remains stable only in weak coupling limit as shown in Fig. (14c),
such that by increasing ξ it will undergo an instability state. Comparying the graphs of the other two
RBHs in these figures represents similar behaviors for differernt q and ξ.
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Figure 13: QNMs of RBHs in complex plane for different q with M = 1.3, µ = 0.1, ξ = 1, l = 1.
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Figure 14: QNMs of RBHs in complex plane for different ξ with M = 1.3, µ = 0.1, q = 0.1, l = 1.
The dependence of QNMs on the two interested parameters in this paper, that is q and ξ, has been
illustrated in Figs. (15). The behavior of the imaginary part in terms of q in the limit ξ → 0 is very
close to the results obtained in [54] for the RN black holes by the way that when we increase the RBHs
charge the value of imaginary part will decrease. The Fig. (15b) also show that the ABG is more stable
than the other two RBHs since it is asymptotically RN black hole. Again in Fig. (15d) we observe a
distinguish behavior of ABG in the different regimes of coupling the scalar to the geometry while Bardeen
and Hayward have nearly the same behavior. One can compare the results here with the calculations in
Refs. [55,56] which have done for general singular charged black holes in the presence of coupling terms.
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Figure 15: The real and imaginary parts of QNMs in terms of q and ξ for fixed values M = 1.3, µ =
0.1, n = 0, l = 1.
5 Conclusions
Beyond analytical methods to computation of QNM frequencies in literatures, in this paper we performed
a numerical study for QNMs of a neutral massive scalar field which is non-minimally coupled to the
curvature of the spacetime geometry around a number of singularity free black holes known as RBHs.
The most general examples of such spherically symmetric RBHs that we have considered here are Bardeen,
Hayward, and ABG black holes. The scalar field equation in these geometries recast in a Schro¨dinger-like
equation with an effective potential which we have considered its dependence on the physical parameters
schematically in Figs. (2)-(4) for three RBHs. We discussed that the black holes are stable against the
scalar dynamics if we have a potential barrier with a finite maximum value near the event horizon. Our
calculations showed that the RBHs undergo instability in the large coupling limit, for instance in ξ = 1000
that is illustrated in Fig. (2), as a result only the fundamental modes will be stable there. In the case
of scalar, when we increased its mass the decay rate of perturbations becomes small, irrespective of the
mass of the black holes.
As the main purpose in this paper, we have computed an extended spectrum of the QNMs of a test
scalar field perturbations from the WKB approximation which is based on the expansion of the wave
function at both boundaries (the event horizon and spatial infinity) and also discussed about the effects
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of parameters numerically. The results of calculations are given in the Tabs. (1)-(3) and the Figs. (5)-(15).
We should mention that during this paper we take a particular value for the mass of the black holes,
i.e. M = 1.3, in calculations which could be regarded as small black holes while one can perform the
computations also for different values of the black hole mass or large black holes. According to the fact
that the WKB approach can be applied to the modes with l ≥ n, the RBHs are stable for all the modes
of perturbations that we obtained in Tab. (1) since the imaginary parts of QNMs are negative even by
increasing l. From the Figs. (5) and (6), the behaviors of the real parts are almost the same in the case
of lower and higher overtone numbers for the three RBHs but the manner for the imaginary parts are
different by increasing l. There is also a similar behavior for the real parts when we increase the coupling
constant ξ but the number of stable modes will decrease significantly. We have also done a discussion
about the influence of parameters q and ξ on the fundamental QNMs n in Tab. (3) and Figs. (15) and
the results are consistent with the calculations in [40,42] for RBHs, and [54–56] for general charged black
holes, in the corresponding limits.
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